It was reported that Kerr-Newman black holes can support linear charged scalar fields in their exterior regions. These stationary massive charged scalar fields can form bound states, which are called stationary scalar clouds. In this paper, we show that Kerr-Sen black holes can also support stationary massive charged scalar clouds by matching the nearand far-region solutions of the radial part of the Klein-Gordon wave equation. We also review stationary scalar clouds within the background of static electrically charged black hole solutions in the low-energy limit of heterotic string field theory, namely, the GibbonsMaeda-Garfinkle-Horowitz-Strominger black holes.
Introduction
The uniqueness theorem states that all black hole solutions of the Einstein-Maxwell equation of gravitation and electromagnetism can be completely characterized by only three parameters: mass, electric charge, and angular momentum [1, 2] . As we know, the Kerr-Newman black hole is a solution for a rotating and charged black hole in the Einstein-Maxwell field equation. However, rotating and charged black hole solutions can also be found in other theories. For example, there is also a rotating and charged black hole solution known as a Kerr-Sen black hole, which is a solution to a set of classical equations of motion arising in the low energy limit of heterotic string field theory. In 1992, Sen [3] was the first to derive this solution by transforming the Kerr metric into a Kerr-Sen one. As we know, both Kerr-Newman and Kerr-Sen black holes have quite similar physical properties because both are rotating and charged black hole solutions. The motivation for studying Kerr-Sen black holes is perhaps that the Universe does not precisely follow Einstein-Maxwell theory, but rather a more complex one, namely, string theory. If this is the case, the expected rotating and charged black hole solution would be the Kerr-Sen solution instead of the Kerr-Newman one.
Hod proposed that Kerr-Newman black holes can support linear charged scalar fields in the near-extremal regions [4] . These bound states are the stationary scalar configurations in the black hole backgrounds, which are regular at the horizon and outside it. They are called stationary scalar clouds [4, 5] . The importance of these clouds is that they suggest the existence of hairy black holes in the fully nonlinear regime, i.e., considering the full Einsteinscalar theory. This was first shown in [5] , complemented by [6] , and conjectured as a general mechanism in [7] . The existence of a stationary bound state of a charged massive scalar field in black hole backgrounds should have an asymptotically exponentially decaying radial solution behavior [8] . By analyzing the radial equation (23), we found that this asymptotic radial solution matched this requirement well [9] ,
where ω c is the critical frequency
Here, r + is the radial coordinate of the outer horizon defined in Eq. (10), Ω H is the angular velocity, and Φ H is the electrostatic potential defined in Eqs. (18) and (19) . The "tortoise" radial coordinate r * is defined by
The critical frequency ω c in Kerr-Sen black hole backgrounds is the same as the one found in the Kerr-Newman case. It is not surprising because they both describe the spacetime outside of charged and rotating black holes [9] . In this paper, we study whether there is a scalar cloud surrounding a Kerr-Sen black hole.
The paper is organized as follows. In Sec. 2 we review the Kerr-Sen geometry and the corresponding Hawking temperature, angular velocity, and electrostatic potential. In Sec. 3 we separate the scalar field equation on Kerr-Sen geometry into the angular and radial parts. In Sec. 4 we study and derive the radial solution in the far region, defined by x ≫ τ . Then in Sec. 5 we derive the radial solution in the near region defined by x ≪ 1, and the solution in the matching region defined by τ ≪ x ≪ 1 is given in Sec. 6. Finally, the stationary bound state of charged massive scalar fields in the Kerr-Sen black hole is given in Sec. 7. In Sec. 8 we review the Gibbons-Maeda-Garfinkle-Horowitz-Strominger (GMGHS) spacetime and stationary charged scalar clouds in GMGHS spacetime. In the last section we give our conclusions. In this paper we use units in which G = c =h = 1.
Kerr-Sen Geometry
In 1992, Sen derived a four-dimensional charged and rotating black hole solution in the low energy limit of heterotic string field theory. The string theory effective action in four dimensions is given by [9] [10] [11] 
where g is the determinant of the tensor metric g µν , R is the scalar curvature,Φ is the dilaton field, F µν is the field-strength tensor
and H κλµ is the third-rank tensor field
Note that B νσ is a second-rank antisymmetric tensor gauge field. Sen applied a transformation to the Kerr solution, known as a solution to the vacuum Einstein equation, to obtain the charged rotating black hole solution in the theory (4), known as the Kerr-Sen solution.
In Boyer-Lindquist coordinates (t, r, θ, φ), the Kerr-Sen metric in the Einstein frame can be read as [9, 12] 
where,
where r + is the outer horizon and r − is the inner horizon. The nonvanishing components of the Kerr-Sen contravariant tensor metric in the Einstein frame are
with √ −g = ρ 2 sin(θ). The metric (7) describes a black hole with mass M, charge Q, and angular momentum J = Ma. The solutions for nongravitational fields arẽ
and the related Hawking temperature, angular velocity, and electrostatic potential at the horizon are given by
Setting b = 0, solutions for nongravitational fields (13)- (16) vanish, and therefore the Kerr-Sen metric (7) reduces to the Kerr metric. Instead, turning off the rotational parameter a followed by a coordinate transformation r → r − Q 2 /M transforms the Kerr-Sen solution into the GMGHS solution which describes a static electrically charged black hole in string theory [13, 14] .
Separation of Variables
Let us conceive a massive charged scalar particle field Φ outside of a Kerr-Sen black hole with mass µ and charge q that obey the subsequent Klein-Gordon wave equation [15] 
To solve the equation above, as usual we can use the ansatz [16] 
where ω is the frequency of the wave field, l is the spheroidal harmonic index, and m is the azimuthal harmonic index. Substituting Eq. (21) into (20) gives us two separated equations, specifically the angular part
and the radial part
with
The coupling constant λ lm may be expanded as a power series [17] 
where coefficients c k are given in [18] . The charged massive scalar field with the frequency ω = ω c represents the stationary bound state of the charged massive scalar field in Kerr-Sen spacetime. Following [4] , we outline the new dimensionless variables
Therefore, the radial Teukolsky equation (23) can be rewritten in the form
where
Far-Region Analysis
Now we analyze the radial Teukolsky equation (29) within the region x ≫ τ . In this far region, Eq. (29) can approximately be expressed as
with V ≡ V f ar ,
The solution of Eq. (32) is [18] R (x) = C 1 × (2ε)
In Eq. (34) above, M(a, b; z) is the Whittaker function, and C 1 , C 2 are some normalization constants. In addition,
Near-Region Analysis
Next we analyze the radial Teukolsky equation (29) within the region x ≪ 1. In this near region, the effective potential (30) approaches
The solution of Eq. (29) with V ≡ V near is [18] R (x) = x τ + 1
where 2 F 1 (a, b; c; z) is the hypergeometric function andβ is the same as Eq. (36).
Matching-Region Analysis
Consider the following condition for near-extremal black holes:
For near-extremal Kerr-Sen black holes with τ ≪ 1, there is a matching region τ ≪ x ≪ 1; therefore, the Eqs. (34) and (39) can be matched. For x ≪ 1, the limit of Eq. (34) is given by [4, 19] R → C 1 × (2ε)
For x ≫ τ , the limit of Eq. (39) is given by [4, 19] 
Matching (41) and (42) in this region, we find the two normalization constants C 1 , C 2 of Eq. (41),
The expansion for x → ∞ of Eq. (34) is given by [4, 20] 
7 Stationary Bound-State charged massive scalar fields
The bound states of the charged massive scalar fields are portrayed by an exponentially decaying radial solution at infinity. This shows that the coefficient of the growing exponent eε x in (47) must vanish,
Substituting Eqs. (45) and (46) into (48), one finds 49) can be composed within the form
with n = 0, 1, 2, 3, . . .. Equation (50) can be solved within the regimẽ
Taking note of Eqs. (25)- (28) and (35)-(37) within the regime (51), one finds
with ̟ = (2ω c (b + r + ) − qQ) 2 and χ = ω c 2 (r + 2 + 2br + + a 2 ). Substituting Eqs. (52) and (53) into (50), one findsε
Taking note of Eqs. (52), (53), and (56), one recognizes thatα > 0 is a required condition for the existence of the stationary bound-state charged massive scalar fields. Finally, from Eq.
(23) the equations that are analogous to the stationary bound state of the massive charged scalar particle fields in Kerr-Sen spacetime are given by
It turns out that Eq. (57) for Kerr-Sen spacetime resembles the equation for Kerr-Newman spacetime as found by Hod in [4] . However, there are several distinguishable parameters between these two cases, namely, the explicit expressions forε,β 0 , andα that depend on r + 2 .
Charged Scalar Clouds in GMGHS Spacetime
A static spherical symmetric charged black hole in the low energy limit of heterotic string field theory in four dimensions was first found by Gibbons and Maeda in [13] and independently obtained by Garfinkle, Horowitz, and Strominger in [14] three years later. The metric that describes this GMGHS spacetime is [21] 
The corresponding potential vector and the dilaton field are
The event horizon of the GMGHS black hole is located at r + = 2M and r − = Q 2 /M. We start analyzing a massive charged scalar particle field Φ outside of a GMGHS black hole with the mass µ and charge q obeying the following Klein-Gordon wave equation:
To solve the equation above, as usual we use the ansatz of the scalar field [22] ,
where l is the spherical harmonic index and m is the azimuthal harmonic index with −l ≤ m ≤ l; one finds the radial equation [23] ∆
and the potential U is given by
The charged massive scalar field with frequency ω = qΦ H represents the stationary bound state of the charged massive scalar field in GMGHS spacetime, where Φ H = Q/2M is the electrostatic potential at the horizon [21] . Following [4, 21] , we outline the new dimensionless variables
in terms of which the radial equation (63) becomes
By setting µ = 0, i.e. a stationary massless charged scalar field, Eq. (68) becomes [21] x (x + τ )
Following Ref. [21] , Eq. (70) can be solved within the asymptotic highly charged regime qQ ≫ 1 3 , and within the near-horizon region x ≪ τ [15, [24] [25] [26] , one finds that the radial equation (70) can be approximated by
The solution of the radial equation (71) is then given by the Bessel function of the first kind,
The radial solution (72) describes the stationary scalar field around a static charged black hole in the low energy limit of heterotic string field theory, namely, the GMGHS black hole [21] . This does not resembles the situation for a static charged black hole in Einstein-Maxwell theory, known as the Reissner-Nordström black hole. In the Kerr-Newman black hole case (a = 0) in Ref. [4] , setting the rotational parameter a = 0 (a nonrotating charged ReissnerNordström black hole), one finds that Eq. (29) in Ref. [4] has no solution and concludes that the Reissner-Nordström black hole cannot support the existence of stationary scalar clouds [27] . However, setting the rotational parameter a = 0 for the Kerr-Sen black hole, one finds α = 0; therefore, there is a solution for Eq. (50). This is consistent with Li's works in [21] that concludes there is a stationary scalar field around charged black holes in the low energy limit of heterotic string field theory.
Summary and Discussion
In summary, we have studied the stationary massive charged scalar clouds in the Kerr-Sen black hole spacetime. In [4] , Hod showed that the Kerr-Newman black hole can support stationary massive charged scalar clouds by analytically solving the Klein-Gordon equation for a stationary charged massive scalar fields. The authors of Ref. [28] also numerically investigate stationary massive charged scalar clouds in the Kerr-Newman black hole spacetime and find that for fixed black hole parameters, the mass µ and charge q of the scalar clouds are limited in a finite region in the parameter space of the scalar fields. The Kerr-Newman scalar clouds were recently promoted to a fully nonlinear solution (Kerr-Newman black holes with scalar hair) in Ref. [29] . Of course, the existence of clouds in this Kerr-Sen case shows that a new family of fully nonlinear solutions will also exist in the Kerr-Sen case. This motivated us to perform such an analysis for the Kerr-Sen black hole since Kerr-Newman and Kerr-Sen black holes have several similarities in their physical properties. In this paper, we have studied that the Kerr-Sen black hole can also support stationary massive charged scalar clouds.
The stationary charged scalar clouds can be formed within the background of a static electrically charged black hole solution in the low energy limit of heterotic string field theory, namely, the GMGHS black holes at linear level: The gravitational attraction is equal because of the electromagnetic repulsion. The existence of this stationary scalar field was demonstrated numerically and analytically in the important work by Li, Zhao, Wu, and Zhang [21] . This does not resemble the situation in Einstein-Maxwell theory, where the Reissner-Nordström black holes cannot support the existence of stationary scalar clouds because the gravitational attraction and electromagnetic repulsion cannot reach equilibrium [21, 22, 27] . Lastly, we note that it is worth performing a numerical analysis of the linear stationary charged scalar clouds for the rotating and charged black hole in the low energy limit of heterotic string field theory. Intuitively, we predict that the same result can be found for the stationary scalar clouds surrounding a Kerr-Sen black hole. There might be related numerical works, but we hypothesize that the situation is not exactly the same; it can be found in Refs. [30, 31] . Perhaps some of these results would approach some of stationary solutions in this paper, though we are not completely sure. For this case, there seems to be scalar or charge clouds because of AdS background. In Refs. [32] [33] [34] [35] we found various string-inspired models that allow various scalar hairs (normal scalar as well as Brans-Dicke scalar). In this case, a hair appears due to a special coupling with the electric charge.
